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Note

Tables of Divergent Feynman Integrals in
the Axial and Light-Cone Gauges

1. INTRODUCTION

The evaluation and use of Feynman integrals in axial gauges is generic to many
problems ranging from perturbation calculations of quantum field theories [1] to
quantum gravity [2]. The chief advantage in choosing the axial gauge, defined by
A-n=0 with 4 being the gauge field and » an external vector, is that Fad-
deev—Popov ghosts [3] are not required to uphold Ward identities [4] in non-
Abelian theories, so that the resulting calculations are simplified. The greatest dis-
advantage of this choice of gauge has been the technical difficulties encountered in
the evaluation of the Feynman integrals that arise from such theories. In fact with
the principal-value prescription [5] and dimensional regularization [6] which until
recently have been the main means of evaluating such integrals, only a few
tabulations of their infinite parts are extant [2, 7] in the literature, and fewer stiil
representations of the divergent and regular parts of such integrals are known [87].

With the recent realization [9] that analytic regularization [10] is a viable
technique for evaluating such integrals, the outlook has changed dramatically. It
has been shown [9] that analytic regularization yields the same results as does the
principal-value prescription, and that gauge invariance is preserved [11].
Additionally, analytic regularization yields a mechanistic method of evaluating all
Feynman integrals of a certain type, and in fact it is possible to classify all such
integrals in general [12].

With this classification, the evaluation of any such integral is well defined, and
much easier to carry out than when the principal-value prescription is used, but is
still tedious. The purpose of this paper is to present a tabulation of those integrals
which commonly appear in contemporary field theories. In addition, we emphasize
that with analytic regularization the tensor algebra endemic to such theories is
defined once and for all, in contrast to dimensional regularization which requires a
separate prescription for each class of tensor. Thus the following tabulation only
lists integrals with scalar integrands. The evaluation of integrals containing tensor
integrands can be performed by referring to the tabulations and invoking standard
techniques of tensor algebra demonstrated elsewhere [11].
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2. ANALYTIC REGULARIZATION

The class of massless, 2-point integrals under consideration is defined by

Saol P15 Ky 1, v, 5) = f #qlp - 9)*1(¢*V(g-m)> " (2.1)

where w, k, yu, and v are arbitrary and continuous variables, s=0 or 1, p is an
external momentum and the gauge vector n was defined previously. We work with a
Euclidean metric; defining the variable

y=(p-npn’

allows Minkowski space to be reached by analytic continuation to |y|> 1.
Whenever «, u, and v take on integer values K, M, and N, respectively, and w =2,
the integral S,(p, n; K, M, N, s) is said to be a “primal” integral which may have
arisen in some field theory and in general is divergent. The method of analytic
regularization is based on the observation [12] that (2.1) has the analytic represen-
tation

n(p*)* (n*)(p-n)* Tz +5+1/2)

S(U=
z Iy —ao) I'(Br—a) IN(—ag—a,—s) I(—ay)
x GE3(ylop it =), (2.2)
where G is Meijer’s G-function [13] and
o= —U—V—5—@,
ay=rK+u+v+ow,
(2.3)
a2=v’
Bi=k+v+o,
composed of integer parts
Aog= —M—-N—-s5-2
A=K+ M+N-2
(24)
A2=N
B =K+N+2
and epsilons
gg= —ao+ Ag=0+1+¢
eg=—o+A,=—p—0c—1—¢
1 1 1 P (2.5)
&=~ + A= —1
e=f—o+A4,— B, =p+e¢
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with infinitesimals p, o, 7, and ¢ defined via

k=K+p
u=M+oc
(2.6)
v=N+r1
w=2+e¢

Although the general axial gauge is of interest, the use of the light-cone gauge
defined by n* =0+ simplifies computations. In this gauge, it has been shown [11]
that a representation that preserves the gauge invariance of the theory can be
deduced from (2.2). Specifically, we have

L2w(p; K, U, ‘7)E S2w(pa nK, UV, s)|n2=0
_m(p*) M pen) No+ k) No+p+ V) IN(—w—x—p)
IN~) (- IMRw+x+pu+7v) ’

2.7)

where ¥=2v +s.

To obtain an analytic representation for any primal integral, in both gauges, it is
sufficient to let 7= p =06 =0 and evaluate (2.2) or (2.7) in the limit ¢ —» 0. Divergen-
ces of the primal integral will appear as singularities (poles) in ¢, and the regular
part can be found from the nonleading terms (O(e°)) of the expansion of (2.2) or
(2.7) about ¢=0. In practice, we note that if n”#0, poles in ¢, label ultraviolet
divergences of the primal integral whereas poles in ¢, or ¢; label infrared divergen-
ces. In both gauges there are no singularities in ¢,.

In some applications [14] it is desirable to distinguish between the singularities.
This is achieved in the tables by evaluating (2.2) in the limit 1 =0, ¢ = p, so that
£ =& ¥ —&,, and the poles appear as singularities of the form ¢;! or ¢7!. In the
evaluation of the regular parts, we set p =0 =1=0 so that here all epsilon depen-
dence cancels.

3. ALGORITHM

The representation (2.2) can be conveniently written as a contour integral

_ n°(p?)*(n?)’ M(s+v+12)(p-n)’
T (- (=) T(—k)T(2v+ p+ K + 5+ 20)

(3.1

1
X — drty’
ZﬁixJL Y

N-tI'o+v+e—0)Ip+v+s+w+i)
IN—p—v—xk—w+t)I(—v+1)
I'12+s+1)




334 MILGRAM AND LEE

where the negatively directed contour L encloses the poles of the first two gamma
functions in the numerator and excludes the others. The generation of singularities
from the location of poles, zeros and pinches of the contour is discussed elsewhere
[12]. Tt is sufficient to note here that (3.1) can be evaluated by straightforward
application of the residue theorem at those finite number of points where exterior
and interior singularities of the integrand coalesce when 1=0 and p=g with ¢
small. This has been done using the algebraic manipulator code SCHOONSCHIP
{151].

Once the sum of residues of the integrand has been found in (3.1), it is possible to
isolate the singular part of the integral. Rewrite all gamma functions in the residue
of (3.1) or in (2.7) having the integer part of their argument negative as

(‘)L I'(1—e) I'(1 +¢))

M=L+e)= I{t+L—¢)e,

(3.2)

whenever L is a positive integer and ie (0, 3). After replacing all such gamma
functions and setting ¢, =g¢,, the resulting expression may contain poles in g,
and/or &,. The regular part may be found by evaluating each of the terms, using for
example

yEra=ypt1 e Iny+ o),

(3.3)
I(Lte)=T(L)xey(L)+

and letting &, = —g,= —¢ whenever any term appears of order £ It should be
noted that the evaluation of “exponent derivatives” such as (0/0k) S,.,(p, n;
K, i, v, 5) can be found by using higher order forms of (3.3) and a prescription given
elsewhere [12, 16]. The SCHOONSCHIP program SINTD used to generate the
tables has this capability, but this aspect will not be discussed further here. In one
instance, the sum of residues generates an infinite series which is labelled specially
by the symbol Z. We find

(1),
Z= 22 G2, (ny—y(1+D+y(3/2+1)], vl <1

[—1

s W2 (2= =yl 1) —In y)’

2ﬁ, (),

+2¢'(1/2) - lﬁ( +l) Y'(1/2—-1D}, lyI>1 (3.4)
= R GHOI ) .
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4. RESULTS

Tables -V list the infinite and regular parts of (2.2) and (2.7) for —2< K <4,
and all values of M and N in the range —3 <M, N <4 together with s=0 and
s=1. Each case is labelled with square brackets [K, M, N, s] and subscript /,
which, as a double check, satisfies

[=27+64s+8N+ M.

In the general axial gauge (Tables I-111) we define

S,=np?) KM Hp-n)"?S(p.n; K, M, N, 5) (4.1)

and
1/éo=V/eo+y+Inp* (4.2a)
1/é,=1/e,+ 7+ In p* (4.2b)

In the light cone gauge (n*=0), Tables IV and V, we use (N=2N +35)
Li=n=(p*) ¥~ ¥ *p-n)~" Ly(p: K. M, N) (4.3)
and
1/é=1/e+7y+np> (4.4)

In (4.4), as opposed to (4.2), all poles are amalgamated into poles in ¢ because in
the light-cone gauge infrared and ultraviolet divergences must not be distinguished
[11,14].

To guard against transcription errors, all output from SINTD was reformatted
using an on-line editor to generate the tables which were typed directly by an on-
line device, and photographically reproduced. Any integrals omitted in the range of
variables considered are identically zero. Note that some integrals with X=0
and/or (M, N) =0 do not vanish when infrared divergences are distinguished from
ultraviolet ones in the axial gauge. Those with K=0 are the so-called “tadpole”
integrals which are usually set to zero in the principal-value prescription. In the
general axial gauge, several cases generated by SINTD were checked by com-
parison with the general results given in Table 1 of [12].

Note added in proof. For the light-cone gauge the integrals given here, which are based on the prin-
cipal-value prescription, do not give a renormalizable theory [11]. Recently a representation similar to
(2.2) for light-cone gauge integrals based on Mandelstam’s prescription [ Nucl. Phys. B 213 (1983), 149]
has been found [CRNL, preprint, TP-84-X-24] and the renormalizability of the Yang-Mills theory in
this prescription has been demonstrated [CRNL, preprint, TP-85-II-11]. A table of integrals based on
the new prescription will be published at a later date.
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TABLE IV

Light-Cone Gauge Integrals {(P.V.) with K= ~2

[-2,-3,-3,0]
[-2,-2,-3,0]
(-2,-1,-3,0}
(-2,-3,-2,0}
[-2,-2,~2,0})
(-2,-1,-2,0}
[-2,-3,-1,0}
[-2,-2,-1,0}
1-2,-1,-1,0)
1-2,-3,0,0])
(-2,-2,0,0]
(-2,-1,0,0}
{-2,-3,1,0)
[-2,-2,1,0]

[-2,-1,1,0]

[-2,-3,2,0]
[-2,-2,2,0]
[-2,-1,2,0]
[-2,-3,3,0]
|-2,~2,3,0])
1-2,-1,3,0)
[-2,-3,4,0]
(-2,-2,4,0]
(-2,-1,4,0]
[-2,-3,-3,1]

(-2,-2,-3,1]

Lo = - 573/70 + 2/2

L) = - 69/10 + 2/3

L, = - 137/30 + 2/

Lg = - 227/30 + 2/&

Lo = - 37/6 + 2/2

Lio = - 11/3 + 2/2
Ly = - 20/3 + 2/8
f-17 =-5+2/e

Lyg =-2+2/8

gy =~-5+2/8

Lps = - 2+ 2/

Lo = 1/8

Lyy = - 3/2+ 1/e
Ly = -2+ 1/2

Ly, = - 3/2 + 172
Lyg = -3+ 178

Ly = - 17/6 + 1/8
Lyz = - 25/12 + 1/
Lyg = - 43/12 + 1/2
Lyg = - 197/60 + 1/8
Lso = - 49/20 + 1/2
Lsg = ~ 79720 + 1/¢
Ls7 = - 503/140 + 1/¢
Log = - 761/280 + 1/&
Les = - 79/10 + 2/6

Lgs = -

197/30 + 2/

[-2,-1,-3,1]
1-2,-3,-2,1}
[-2,-2,-2,1)
(-2,-1,-2,1]
[-2,-3,-1,1]
[-2,-2,-1,1]
[-2,-1,-1,1}
-2,-3,0,1}
{-2,-2,0,1)
(-2,-1,9,1]
-2,-3,1,1}
[-2,-2,1,1]
[-2,-1,1,1]
[-2,-3,2,1)
[-2,-2,2,1]
[-2,-1,2,1]
-2,-3,3,1]
[-2,-2,3,1]
[-2,-1,3,1]
[-2,-3,4,1]
(=2,-2,6,1]

(-2,-1,4,1)

Leg = - 25/6 + 2/a
Lyg = - 43/6 + 2/2
Ly3 = - 17/3 + 2/2
Lyg = - 3 + 2/8

Lgg = - 6 + 2/

ial -4+ 2/e

iaz = 2/e

Lgg = - 3 + 2/8

Lgg = -1+ /2

Lgo = - L+ 1/8

Lgg = - 5/2 + 1/2

Lg7 = - 5/2 + 1/

Log = - 11/6 + 1/
Ligs = - 10/3 + 1/8
Ligs = - 37/12 + 1/2
Liog = - 137/60 + 1/a
i-uz = - 227/60 + 1/e
Li1s = - 69/20 + 1/8
Lite = ~ 363/140 + 1/8
Lizo = - 573/140 + 1/8

Liz1 = - 1041/280 + ife

Lizp = - 7129/2520 + l/e




TABLES ON AXIAL GAUGES

TABLE V
Light-Cone Gauge Integrals (P.V.) with K= —1

{-1,-3,-3,0]
(-1,-2,-3,0]
[-1,-1,-3,0]
(-1,-3,-2,0]
[-1,-2,-2,0]
{-1,-1,-2,0]
{-1,-3,-1,0)
[-1,-2,-1,0]
(-1,-1,-1,0]
{-1,-3,0,0]
1-1,-2,0,0]
{-1,-1,0,0]
{-1,-3,1,0}
[-1,-2,1,0)
[-1,-1,1,0]
[-1,-3,2,0]
[-1,-2,2,0)
[-1,-1,2,0]
[-1,-3,3,0]
[-1,-2,3,0]
{-1,-1,3,0]
(-1,-3,4,0]
[-1,-2,4,0]
[-1,-1,4,0]
[-1,-3,-3,1]

[-1,-2,-3,1]

- 1/7

-1/3

- 113/150 + 2/5 * 1/e

-1/5

-1/2

- 7/9 +2/3 % 1/e
-1/3
-1

2+2%1fe

/e

2- 1/

1/2

1/2

13/18 - 1/3 * 1/¢
1/6

1/6

149/300 - 1/5 * l/e
1/10

1/6

383/980 - 1/7 * 1/e
1/14

1/8

7409/22680 - 1/9 * 1/
-1/6

= 2/5

[-1,-1,-3,1)
[-1,-3,-2,1)
{-1,-2,-2,1)
[~1,-1,-2,1]
[-1,-3,-1,1]
[-1,-2,-1,1)

[-1,-1,-1,1}

{-1,-3,0,1)
{~1,-2,0,1)
{=1,-1,0,1)
(-1,-3,1,1]
[-1,-2,1,1]
[-1,-1,1,1]
[-1,-3,2,1)
[~1,-2,2,1)
{-1,-1,2,1]
[-1,-3,3,1]
[~1,-2,3,1]
(-i,-1,3,1)
[-1,-3,4,1]
[-1,-2,4,1]

[-1,-1,4,1]

Lge = - 19/24 + 1/2 * 1/

{.72 =-1/4

£73 - - 2/3

i74 = - 1/2 + 1/e

Lgo = - 1/2

LBl =-2

Lgg = - 1/e2 + 1/e * (log(pd) + v )
+ 12/12 - 1/2 % (log(p?) + Y)2
Lgg = - 1/2 + 1/2 * 173

ias =1

Log = 1 - 1/2 * 1/¢

Lgg = 1/4

;-97 =1/3

igg = 7/12 - 1/4 * 1/e

I-‘104 =-1/8

Ligs = 1/5

Ligs = 157/360 = 1/6 * 1/a
Lz = 112

Ly = 1/7

Li1g = 199/560 - 1/8 * 1/&
Lizo = 1/16

Lig1 = 1/9

£1zz = 7633/25200 - 1/10 * l/e
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