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Note 

Tables of Divergent Feynman Integrals in 
the Axial and Light-Cone Gauges 

1. INTRODUCTION 

The evaluation and use of Feynman integrals in axial gauges is generic to many 
problems ranging from perturbation calculations of quantum field theories [ 1 ] to 
quantum gravity [2]. The chief advantage in choosing the axial gauge, defined by 
A. n =0 with A being the gauge field and n an external vector, is that Fad- 
deev-Popov ghosts [3] are not required to uphold Ward identities [4] in non- 
Abelian theories, so that the resulting calculations are simplified. The greatest dis- 
advantage of this choice of gauge has been the technical difficulties encountered in 
the evaluation of the Feynman integrals that arise from such theories. In fact with 
the principal-value prescription [S] and dimensional regularization [6] which until 
recently have been the main means of evaluating such integrals, only a few 
tabulations of their infinite parts are extant [2, 71 in the literature, and fewer still 
representations of the divergent and regular parts of such integrals are known [SJ 

With the recent realization [9] that analytic regularization [lo] is a viable 
technique for evaluating such integrals, the outlook has changed dramatically. It 
has been shown [9] that analytic regularization yields the same results as does the 
principal-value prescription, and that gauge invariance is preserved [ 111. 
Additionally, analytic regularization yields a mechanistic method of evaluating all 
Feynman integrals of a certain type, and in fact it is possible to classify all such 
integrals in general [ 121. 

With this classification, the evaluation of any such integral is well defined, and 
much easier to carry out than when the principal-value prescription is used, but is 
still tedious. The purpose of this paper is to present a tabulation of those integrals 
which commonly appear in contemporary field theories. In addition, we emphasize 
that with analytic regularization the tensor algebra endemic to such theories is 
defined once and for all, in contrast to dimensional regularization which requires a 
separate prescription for each class of tensor. Thus the following tabulation only 
lists integrals with scalar integrands. The evaluation of integrals containing tensor 
integrands can be performed by referring to the tabulations and invoking standard 
techniques of tensor algebra demonstrated elsewhere [ 111. 
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2. ANALYTIC REGULARIZATION 

The class of massless, 2-point integrals under consideration is defined by 

&,(P, fl; JG P, v, s) = j d2”q[(p - q)*]“(q’)“(q. tp + J (2.1) 

where w, rc, 11, and v are arbitrary and continuous variables, s = 0 or 1, p is an 
external momentum and the gauge vector n was defined previously. We work with a 
Euclidean metric; defining the variable 

y = (p. n)*/p*n* 

allows Minkowski space to be reached by analytic continuation to lyl > 1. 
Whenever K, CL, and v take on integer values K, AI, and N, respectively, and o = 2, 
the integral S,(p, n; K, A4, N, s) is said to be a “primal” integral which may have 
arisen in some field theory and in general is divergent. The method of analytic 
regularization is based on the observation [ 121 that (2.1) has the analytic represen- 
tation 

7c”(p2)“‘(n2)“‘(p. ny qcr, + s + l/2) 

(2.2) 

where G is Meijer’s G-function [ 133 and 

f&J= -p-v--s-o, 

M,=K+p+v++, 

a, = v, 

p,=k.+v+o, 

composed of integer parts 

A,= -M-N-s-2 

A,=K+M+N-2 

A,=N 

B,=K+N+2 

and epsilons 
co= --cio+A,=a+r+~ 

E,= -a,+A,= -p--a-~-s 

E*= -cq+A,= --5 

~~=/?-q+t~-B,=p+~ 

(2.3) 

(2.4) 

(2.5) 
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with infinitesimals p, Q’, t, and E defined via 

Ic=K+p 

p=M+a 
(2.6) 

v=N+z 

o=2+&. 

Although the general axial gauge is of interest, the use of the light-cone gauge 
defined by n2 = 0 + simplifies computations. In this gauge, it has been shown [ 111 
that a representation that preserves the gauge invariance of the theory can be 
deduced from (2.2). Specifically, we have 

=fm 1 2 w+^-+~(p.n)“f(o+K)f(0+~++)f(--W-K---) 
r(-K)q-~)f(2CB+K+~+q , (2.7) 

where V = 2v + s. 
To obtain an analytic representation for any primal integral, in both gauges, it is 

sufficient to let z = p = (T = 0 and evaluate (2.2) or (2.7) in the limit E -+ 0. Divergen- 
ces of the primal integral will appear as singularities (poles) in E, and the regular 
part can be found from the nonleading terms (0(&O)) of the expansion of (2.2) or 
(2.7) about E =O. In practice, we note that if n2 #O, poles in .sl label ultraviolet 
divergences of the primal integral whereas poles in co or s3 label infrared divergen- 
ces. In both gauges there are no singularities in a*. 

In some applications [ 141 it is desirable to distinguish between the singularities. 
This is achieved in the tables by evaluating (2.2) in the limit z=O, cr =p, so that 
&J=Eg# -El, and the poles appear as singularities of the form E;’ or E;‘. In the 
evaluation of the regular parts, we set p = 0 = z = 0 so that here all epsilon depen- 
dence cancels. 

3. ALGORITHM 

The representation (2.2) can be conveniently written as a contour integral 

s= 7c”(p2)“‘(n2)” f(s + v + 1/2)(p. n)s 
r(-/i)r(-V)r(-K)r(2V+/A+K+S++CO) 

(3.1) 

X 
r(-/l-V-K-U+t)r(-V+t) 

q1/2+s+ t) 
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where the negatively directed contour L encloses the poles of the first two gamma 
functions in the numerator and excludes the others. The generation of singularities 
from the location of poles, zeros and pinches of the contour is discussed elsewhere 
[ 121. It is sufficient to note here that (3.1) can be evaluated by straightforward 
application of the residue theorem at those finite number of points where exterior 
and interior singularities of the integrand coalesce when r = 0 and p = 0 with E 
small. This has been done using the algebraic manipulator code SCHOONSCHIP 
Cl51. 

Once the sum of residues of the integrand has been found in (3.1), it is possible to 
isolate the singular part of the integral. Rewrite all gamma functions in the residue 
of (3.1) or in (2.7) having the integer part of their argument negative as 

f(-L+E )~(-wv -G)f(lfE;) 
i f(1 +L-E,)E, 

(3.2) 

whenever L is a positive integer and i E (0, 3). After replacing all such gamma 
functions and setting c3 = Ed, the resulting expression may contain poles in c0 
and/or e, . The regular part may be found by evaluating each of the terms, using for 
example 

Y L+Cl=yL(l +s,lny+ ...), 

r(L+Ei)=r(L)+E;lfqL)+ . . . . 
(3.3) 

and letting .a, = -.q, = --E whenever any term appears of order co. It should be 
noted that the evaluation of “exponent derivatives” such as (a/&) &,,,(p, n; 
K, p, v, s) can be found by using higher order forms of (3.3) and a prescription given 
elsewhere [12, 163. The SCHOONSCHIP program SINTD used to generate the 
tables has this capability, but this aspect will not be discussed further here. In one 
instance, the sum of residues generates an infinite series which is labelled specially 
by the symbol Z. We find 
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4. RESULTS 

Tables I-V list the infinite and regular parts of (2.2) and (2.7) for -2 <K ~4, 
and all values of M and N in the range - 3 < M, N < 4 together with s = 0 and 
s = 1. Each case is labelled with square brackets [K, M, N, s] and subscript I, 
which, as a double check, satisfies 

l=27+64s+8N+M. 

In the general axial gauge (Tables I-III) we define 

$,=~-~(p~)-~-~-~(p.n)-~~-~&(p, n; K, M, N, s) (4.1) 

and 

l/f?, = I/E,+y+lnp’ (4.2a) 

l/&, = l/c,+y+Inp? (4.2b) 

In the light cone gauge (n’ = 0), Tables IV and V, we use (w= 2N + s) 

&K-m(p2)-K-M-2 
tp*n)-” UP; K M, m, (4.3) 

and 

1/G=1/E+y+lnp2. (4.4) 

In (4.4), as opposed to (4.2), all poles are amalgamated into poles in E because in 
the light-cone gauge infrared and ultraviolet divergences must not be distinguished 
[ll, IS]. 

To guard against transcription errors, all output from SINTD was reformatted 
using an on-line editor to generate the tables which were typed directly by an on- 
line device, and photographically reproduced. Any integrals omitted in the range of 
variables considered are identically zero. Note that some integrals with K 2 0 
and/or (M, N) 2 0 do not vanish when infrared divergences are distinguished from 
ultraviolet ones in the axial gauge. Those with K =O are the so-called “tadpole” 
integrals which are usually set to zero in the principal-value prescription. In the 
general axial gauge, several cases generated by SINTD were checked by com- 
parison with the general results given in Table 1 of [12]. 

Note added in proof For the light-cone gauge the integrals given here, which are based on the prin- 
cipal-value prescription, do not give a renormalizable theory [ 111. Recently a representation similar to 
(2.2) for light-cone gauge integrals based on Mandelstam’s prescription [Nucl. Phys. B 213 (1983), 1491 
has been found [CRNL, preprint, TP-84-X-241 and the renormalizability of the Yang-Mills theory in 
this prescription has been demonstrated [CRNL, preprint, TP-85-H-l I]. A table of integrals based on 
the new prescription will be published at a later date. 
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TABLE IV 

Light-Cone Gauge Integrals (P-V.) with K= -2 

i0 = - 573,783 + 21; 

G = - bY/lO + 21; 

L2 = - 137/30 + 21; 

i8 = - 227130 + 21; 

i9 = - 37/b + 7.1; 

il0 = - ,,I3 + 21; 

i,b = - 2013 + 26 

i17 = - 5 + 21; 

i ,a = - 2 + 21; 

i24 = - 5 + 21; 

L25 = - 2 + 2,; 

L26 = 11; 

i 32 = - 312 + 112 

i33 = - 2 + l/L 

i34 = - 312 + 1/i 

i40 = - 3 + 11; 

L4l = - 1716 + 11; 

L&2 = - 25112 + 1/z 

i48 = - 43/12 + 11; 

L49 = - 197lbO f 11; 

L50 = - 49/m + 1,; 

Lb = - 7Yl20 + l/i 

L57 = - 503l140 + 11; 

L58 = - 761,280 + 11; 

Lb4 = - lYl10 + 21; 

ib5 = - 197l3O + 21; 

[-2,-l,-,,I] 

I-2,-3,-2.11 

[-2,-2.-2.1, 

[-2.-I,-2,1] 

,-2,-3,-1.11 

[-2.-2,-1,1] 

,-2.-1,-1.11 

I-z.-3.u.11 

I-z,-Z,O,ll 

[-z.-l,O,ll 

l-2,-3.1.11 

l-2.-2,1.11 
[-2.-1,1.11 

i-2,-3,2,11 
l-2.-2,2.11 

l-2.-1.2,11 

l-2,-3.3.11 

L-2,-2,3,11 

I-2,-1,3.11 

l-2.-),4,11 

t-2.-2.4.11 

l-2,-1.4.11 

Ebb = - 25/b + 21; 

i72 = - 43/b + 21; 

L73 = - 1713 + 21; 

114 = - 3 + 2,; 

La0 = - 6 + 21; 

Gl = - 4 + 21; 

=a2 = 21; 

G38 = - 3 + 21; 

i89 =- 1 + 1,; 

Lgo = - 1 + 11; 

iYb = - 512 + l/i 

i97 = - 512 + 1/z 

L98 = - 1116 + 11; 

i 104 = - lOl3 + II; 

i 105 = - 37112 + 11; 

; 106 = - 137IbO + II; 

i 112 = - 227160 + ll; 

i L13 = - 69iP.O + 11; 

i 114 = - 363l100 t II; 

; 120 = - 513/140 + 1,; 

Ll21 = - 1041,280 l 1,; 

i 122 = - 712912520 + 11; 
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TABLE V 

Light-Cone Gauge Integrals (P.V.) with K = -1 

i0 - - I,7 

i, - - 113 

i2 - - 113/150 + 2,s * l/i 

i8 - - II5 

G - - 112 

C0 - - 719 + 213 * 11; 

Gb - - 113 

i,, - - I 

L3 - 2 c 2 l 11; 

i,, - - 1 

=25 - 1,; 

i2b - 2 - 16 

i32 - l/2 

L33 - I,2 

i34 - 13/1e - l/3 l 11; 

i40 - 1/b 

iql - 114 

i42 - 149/300 - l/5 l 11; 

ba - l/IO 

L49 - l/b 

is0 - 383/980 - l/7 l l/G 

%b - II14 

L57 - 118 

,-I.-I.-3.1, 

,-I,-3,-2.11 

[-I.-2,-2.11 

[-I.-I.-2.11 

,-I.-3.-1.1, 

[-I,-2,-1.1, 

[-I,-I,-1.1, 

I-I.-3.0.11 

I-~,-2,0,~1 

I-1,-1.0.11 

l-1.-3.1.11 

I-1,-2.1.11 

I-l,-1,1,11 

l-1.-3.2.11 

L-1.-2,2,11 

I-I.-1.2.11 

[-I.-3.3.11 

L-1,-2,3,11 

l-1.-1.3.11 

l-1.-3,4.11 

[-I,-2,4,11 

kJ - 7409122680 - 119 l 11; I-1,-1,4,11 

L64 - - 1/b 

Lb5 - - 215 

ibb - -’ 19124 + 112 l 11; 

L72 - - 114 

i73 - - 213 

L74 - - 1,2 + 11; 

i80 - - l/2 

ial - - 2 

G32 - - l/2 + II; * (lo*(p2) + y ) 

+ n2112 - 1/2 l (lq(p.2) + Y)2 

h3 - - l/2 + I,2 l 11; 

ia9 - I 

f90 - 1 - I/2 * 11; 

hb - l/4 

L97 - l/3 

i98 - 7112 - 114 l 11; 

i 104 * 118 

ko5 - l/5 

kOb - 1571360 - 1/b l 11; 

i 112 - l/12 

i 113 - 1/7 

Ll14 - 1991560 - l/8 = II; 

i 120 - 1116 

Ll21 - 119 

i 122 - 7633l25200 - I,10 l II; 



346 MILGRAM AND LEE 

REFERENCES 

1. W. KUMMER, Acra Phys. Austriaca 15 (1961), 149; R. DELBOURGO, A. SALAM, AND J. STRATHDEE, 
Nuovo Cimento 23A (1974), 237; W. KONETSCHNY AND W. KUMMER, Nucl. Phys. B 100 (1975), 106; 
B. HUMPERT AND W. L. VAN NEERVEN, Phys. Letr. B 101 (1981), 101; D. M. CAPPER AND G. LEIB- 
BRANDT, Phys. Rev. D 25 (1982), 1002; J. M. CORNWALL, Phys. Rev. D 10 (1974), 500; M. KAKU, 
Nucl. Phys. B 91 (1975), 99; D. J. PRITCHARD AND W. J. STIRLING, Nucl. Phys. B 165 (19X1), 237; G. 
CURCI, W. FURMANSKI, AND R. PETRONZIO, Nucl. Phys. B 175 (1980), 27; J. C. COLLINS AND D. E. 
SOPER, Nucl. Phys. B 194 (1982), 445. 

2. D. M. CAPPER AND G. LEIBBRANDT, Phys. Rev. D 25 (1982), 1009; R. DELBOURGO, J. Phys. A 15 
(1982), L156; L. BRINK, 0. LINDGREN AND B. E. W. NILSSON, Nucl. Phys. B212 (1983), 401; S. MAN- 
DELSTAM, Nucl. Phys. B 213 (1983), 149; S. RAJPOOT, J. G. TAYLOR, AND M. ZAIMI, Phys. L,eff. B 127 
(1983), 347. 

3. R. F. FEYNMAN, Acta Phys. Pal. 24 (1963), 697; L. D. FADDEEV AND V. N. POPOV, Phys. Lert. 25B 
(1967), 29; B. S. DEWITT, Phys. Rev. 160 (1967), 113; 162 (1967), 1195. 

4. J. C. TAYLOR, Nucl. Phys. B 33 (1971). 436; A. A. SLAVNOV, Teor. Mat. Fiz. 10 (1972). 153 [Engl. 
Trans. Theor. Math. Phys. 10 (1972), 991. 

5. W. KUMMER, Acta Phys. Austriaca 41 (1975), 315. 
6. G.‘T HOOFT AND M. VELTMAN, Nucl. Phys. B 44 (1972), 189; C. G. BOLLINI AND J. J. GIAMBIAGI, 

Nuovo Cimento B 12 (1972), 20; J. F. ASHMORE, Nuovo Cimento Lett. 4 (1972), 289; G. LEIBBRANDT, 
Rev. Mod. Phys. 47 (1975), 849. 

7. W. L. VAN NEERVEN, Z. Phvs. C 14 (1982), 241. 
8. W. KONETSCHNY, preprint, Tech. Univ. Wien, March 1983. 
9. H. C. LEE AND M. S. MILGRAM, Phys. Left. 133B (1983), 320. 

10. I. M. GEL’FAND AND G. E. SHILOV, “Generalized Functions: Properties and Operations,” Academic 
Press, New York 1964; C. G. BOLLINI, J. J. GIAMBIAGI, AND A. GONZALES DOMINGUES, Nuovo 
Cimento 31 (1964), 550. 

11. H. C. LEE AND M. S. MILGRAM, Z. fz?r Physic C, in press. 
12. H. C. LEE AND M. S. MILGRAM, Ann. Phys. (N.Y.) 157 (1984), 408; also Atomic Energy of Canada 

Limited report AECL-8261 (1984). 
13. Y. LUKE. “The Special Functions and Their Approximations,” chap. 5, Academic Press, New York, 

1969. 
14. H. C. LEE AND M. S. MILGRAM, J. Math. Phys., in press. 
15. H. STRUBBE, Compuf. Phys. Commun. 18 (1979), 1. 
16. H. C. LEE AND M. S. MILGRAM, Phys. L&r. B 132 (1983), 397. 

RECEIVED February 17, 1984; REVISED May 31, 1984 

M. S. MILGRAM 

Applied Mathematics Branch, 
Atomic Energy of Canada Limited, 
Chalk River Nuclear Laboratories, 

Chalk River, Ontario KOJ IJO, Canada 

H. C. LEE 

Theoretical Physics Branch, 
Atomic Energy of Canada Limited, 
Chalk River Nuclear Laboratories, 

Chalk River, Ontario KOJ IJO, Canada 


